Rotationally invariant fractional quantum Hall (FQH) states have long been understood in terms of composite bosons or composite fermions. Recent investigations of both incompressible and compressible states in highly tilted fields, which renders them anisotropic, have revealed puzzling features which have so far defied quantitative explanation. The author's work with R. Shankar in constructing and analyzing an operator-based theory in the rotationally invariant FQHE is generalized here to the anisotropic case. We compute the effective anisotropies of many principal fraction states in the lowest and the first Landau levels and find good agreement with previous theoretical results. We compare the effective anisotropy in a model potential with finite sample thickness and find good agreement with experimental results. is the composite fermion (CF) picture of Jain [4] , in which the CF is a composite of an electron and 2s quanta of statistical flux. The CFs see an effective field just right to fill p CF-Landau levels (CFLLs), thus naturally forming an incompressible state. CFs can be realized in a field theoretic form by Chern-Simons theory [5] , which has had many successes, notably in the half-filled Landau level [6] where the CFs form a Fermi sea.
1
2s+1 (s integer) the Laughlin wavefunctions [2] can be understood as ground states of composite bosons [3] (electrons carrying 2p + 1 units of statistical flux). A unified way to understand all principal fractions of the form p 2ps+1 is the composite fermion (CF) picture of Jain [4] , in which the CF is a composite of an electron and 2s quanta of statistical flux. The CFs see an effective field just right to fill p CF-Landau levels (CFLLs), thus naturally forming an incompressible state. CFs can be realized in a field theoretic form by Chern-Simons theory [5] , which has had many successes, notably in the half-filled Landau level [6] where the CFs form a Fermi sea.
Most experimental systems are not rotationally invariant. When the band mass tensor is isotropic and the magnetic length is much larger than the lattice spacing, rotational invariance is a good approximation. Tilting the sample while keeping the filling fixed has many effects, among which is an induced anisotropy of the band mass tensor [7] . Recently, anisotropic transport has been observed in strongly correlated states in the quantum Hall regime [9] [10] [11] under strong tilted fields. It is found that the CF anisotropy is considerably smaller than the electronic one [11] , and at 7/3, a peculiar lowtemperature [10] state with quantized Hall resistance, but highly anisotropic longitudinal resistance (R yy vanishing, but R xx seemingly finite) is seen. Taking steps towards understanding such states quantitatively will be the focus of this paper. Our approach will also apply to anisotropic cousins of the recently discovered FQHlike states in Chern bands [12] and two-dimensional timereversal-invariant topological insulators (2DTIs) [13, 14] .
Haldane [15] noted recently that there is an intrinsic geometry to the FQH regime. Start with an anisotropic band Hamiltonian in a uniform perpendicular B field
where the subscript e reminds us that the coordinate r e = x eî + y eĵ and mechanical momentum Π e are electronic operators, and α is our electronic anisotropy parameter. The cyclotron frequency is ω c = eB m and the magnetic length is l = h eB . The electronic Hilbert space can be decomposed into two "cyclotron" coordinates (a, b = x, y and ǫ ab is the two-dimensional antisymmetric symbol) η ea = −l 2 ǫ ab Π b and two guiding center coordinates R ea = r ea − η ea . These two sets have the commutation relations [η ex , η ey ] = il 2 = −[R ex , R ey ], and [η ea , R eb ] = 0.
Letting i index particle number, the density operator in first quantization is
When projected to the n th LL, this density becomes
where z = i l √ 2 qx α + iq y α , and L n is the n th Laguerre polynomial. Here the projected guiding center densitȳ ρ e (q) is also the operator generating magnetic translations in a given LL, and obeys the GMP algebra (named in honor of Girvin, MacDonald, and Platzman [16] )
Since the kinetic energy is degenerate, the Hamiltonian when projected to the n th Landau level is
where the effective electron interaction isṽ
Haldane pointed out [15] that the effective anisotropy of the FQH state would be a compromise between the anisotropies of the band mass and the interaction anisotropy (here assumed to be 1).
Very early work on anisotropic states [17] focussed on spontaneous breaking of rotational symmetry. An application of Chern-Simons theory predicted that the electronic and CF anisotropies should be identical [18] at ν = 1 2 , in contradiction with experiment [11] . More recent theoretical work on anisotropic FQH states has been mainly numerical, involving comparing ground states obtained by exact diagonalization with model wavefunctions [19] [20] [21] . The special case of a gaussian interaction in the LLL can be analyzed exactly [22] , but unfortunately this cannot be extended to realistic interactions, or other Landau levels.
In this paper we analytically compute α CF as a function of α given the Landau level one is projecting to, the fraction, and the form of the interelectron interaction. We will test this approach by comparing to the numerical results [20] , and find good agreement. We will compare the effects of band mass anisotropy in the zeroth and the first Landau levels for the Coulomb interaction, and consider the effects of finite sample thickness. Finally, we will compare to experimental results on the relation between α CF and α for the half-filled Landau level [11] , and see agreement for reasonable sample thickness.
The method we use is a generalization of the approach developed by R. Shankar and the author more than a decade ago [23, 24] . This approach starts with a rewriting of the electronic Hamiltonian in a given Landau level in an enlarged Hilbert space spanned by operators obeying CF commutation relations. The spurious degrees of freedom have to ultimately be projected out in a suitable manner [25, 26] . While approximate, this approach allows us to compute various quantities which are difficult, if not impossible, in conventional wavefunction or exact diagonalization treatments, such as response functions [26] , the effects of nonzero temperature [27] , or disorder [28] .
In a particular LL, the electronic degrees of freedom are the guiding centers R ex , R ey . To make a complete fermionic Hilbert space we add by hand two pseudovortex degrees of freedom per electron R vx , R vy , so called because they have the commutation relations of a double
c 2 which defines c = √ 2ν for the case of two flux quanta "attached". Since they are unphysical degrees of freedom, they commute with R e : [R ea , R vb ] = 0. Now we re-express R e , R v in terms of CF coordinates and velocities. Note that the CF degrees of freedom have no subscripts, and obey the commutation relations [r xi , r yi ] = 0, [r ai , Π bi ] = iδ ab , and most importantly,
The last relation shows that the CF's move in a reduced field. Define the CF-cyclotron variables by η a = −(l * ) 2 ǫ ab Π b , and the CF guiding center variables by R a = r a − η a . In the isotropic FQH regime, we made the identification in the LLL for α = 2 versus α CF for different numbers of CFLLs kept (nmax). The interaction is pure Coulomb.
We expressed the projected densityρ(q) in terms of CF variables and proceeded to find a Hartree-Fock ground state (CFHF for short). For ν = p 2p+1 the HF ground state was just p filled CF-Landau levels (CFLLs).
The CF-substitution for the anisotropic problem is similar. We leave the expression for R v unchanged but make the expression for R e anisotropic:
Note that the R e and thus the Hamiltonian still commute with R v , and the constraint structure is unaltered. Now we can express the Hamiltonian in terms of CF variables and proceed as in the isotropic case.
With an eye to generalizing this approach to anisotropic states in Chern bands and 2DTIs [29] we will find it convenient to use crystal momenta in a Brillouin Zone in the given Landau level. For a principal fraction p 2p+1 it is now straightforward to rescale the momenta (Q x = q x /α CF , Q y = q y α CF ), choose a unit cell penetrated by an integer number of effective flux quanta (a(2p + 1) in the x-direction and a in the y-direction, where a 2 = 2πl 2 ), and thus define a single-CF Brillouin Zone (details can be found in ref. [29] ) with canonical fermion operators d † nK , d nK , in terms of which the electron guiding center density and Hamiltonian arē
Here [K + Q] belongs to the BZ, and is defined by
. To define the matrix elements ρ mn (Q) compactly we (Q x + iQ y ) = |Z|e iθ , in terms of which
Translationally invariant CFHF states for ν = p 2p+1 correspond to averages
where ∆ mn are independent of K. The ν = 1 2 state will be treated as the p → ∞ limit.
Two important points need to be noted: (i) The CFHF energy is variational. The Hamiltonian commutes with all the R vi , so the exact ground state in the enlarged Hilbert space must be a direct product of the exact ground state in the R e sector and an arbitrary state in the R v sector. Since the Hamiltonian is independent of R v the exact ground state energy in the enlarged space is the same as that in the electronic space. (ii) For incompressible fractions, every set of ∆ mn defines a Slater determinant state, so for fixed α, α CF , ν there is still a lot of freedom. For a given α, α CF , we iterate the HF procedure till we have a self-consistent set of ∆ mn .
These points are illustrated in Fig. 1 , which shows the ground state energy per particle for 2 /εq unless stated otherwise. As can be seen, as n max increases the energy becomes extremely flat, i.e., nearly independent of α CF . This is because the full set of CFLLs at α and the ground state energy is not useful in selecting the optimal α CF . To find the optimal CF anisotropy α CF we turn to the equal-time single-particle correlator G(x, y) which is an implicit function of ∆ mn . It is easily checked that G(x, y) is (nearly) independent (for large but finite n max ) of α CF in the same way that the E gs per particle is (see appendix).
Given a α, we will define the optimal value of α CF 0 (α) by demanding that G( As can be seen, one cannot make the correlators in the x, y directions truly equal by a simple rescaling. The best that can be done is to arrange for the maxima and minima to be at the same location.
In this way we determine α CF 0 (α), which depends on the interaction (Coulomb), the LL into which we have projected the electron density, and the principal fraction in question (represented by the integer p, where ν = p 2p+1 ). As p becomes larger α CF 0 saturates to a value we assume is the relevant one for ν = 1 2 . Fig. 3 shows the dependence for the LLL and the first Landau level (FLL). For ν = 1 3 in the LLL, our result is close to that of Yang et al [20] who estimate α CF 0 by finding the largest overlap of the exact ground state with an anisotropic Laughlin wave function [15] . Their definition of the anisotropy is the square of ours. Looking Figure 3 of Yang et al [20] and translating to our anisotropies, we see that at α = √ 2 they get α . The latter fraction is a proxy for the ν = for a given α than other principal fractions, while the reverse is true in the FLL. For a given α, as p increases α CF 0 saturates rapidly. Experimental measurements of the CF anisotropy have been carried out at ν = 1 2 by Kamburov et al [11] . Noting that their definition of the anisotropy is the square of ours, they find at α = √ 3 a CF-anisotropy of α CF 0 = √ 1.3 ≃ 1.15 [11] . For the Coulomb interaction, for α = √ 2 and large p = 3, 4, 5, we find a α CF 0 of about 1.34, which is high compared to the experiment. To understand the discrepancy, we turn to a cartoon model of the finite thickness of the 2DEG, and its effects on α CF 0 . We will assume that the Coulomb potential has been modified to
where λ is a dimensionless parameter representing the thickness of the 2DEG. A reasonable value of λ for an experimental sample would be of order 1. Fig. 4 shows the variation of α CF 0 with λ for α = √ 3. As expected, α CF 0 decreases with thickness, and reasonable values of λ ≃ 1 can give rise to the experimentally measured CF anisotropy [11] .
In summary, we have generalized the Hamiltonian approach for the FQH regime derived by R. Shankar and the present author [23, 24] to the case of systems with electronic anisotropy. This approach applies to any Landau level, arbitrary interactions, and any principal fraction. While the exact spectrum of the Hamiltonian in the enlarged Hilbert space is identical to that of the electronic Hamiltonian, the usefulness of the approach lies in approximations such as Composite Fermion Hartree Fock. We find that the equal time single-CF correlator provides a good way to estimate the CF anisotropy α CF 0 for any given α. Our results are in good to excellent agreement with previous ones [20, 22] . For principal fractions labelled by p, where ν = saturates rapidly with increasing p.
We have also investigated the effect of finite sample thickness by using a model potential. We find that α CF 0 decreases with sample thickness, and reasonable values of the thickness parameter give CF anisotropies in agreement with experiment [11] .
There are many directions in which this approach can be extended. The conserving approximation [26] can be used to compute magnetoexciton dispersions and response functions. This will help us identify potential instabilities of anisotropic FQH states. Recall that we restricted our variational search to translation invariant states. It is possible that stripe states formed of CFs (natural in the presence of anisotropy and CFLL mixing) are lower in energy than translationally invariant ones. Such states, when suitably dressed by quantum/thermal fluctuations and disorder may help us understand the peculiar behavior of the longitudinal resistivities at ν = 7 3 [10] , which is currently not understood (see, however, [31] ).
A second direction in which this approach could be useful is in analyzing anisotropic strongly correlated states in topological (Chern) bands [12] and twodimensional time-reversal invariant topological insulators (2DTIs) [13] . There has been much recent excitement with the numerical discovery of FQH states in such systems [14] . For topological bands and 2DTIs with conserved S z , R. Shankar and the author have shown [29] that the interacting Hamiltonian can once again be analyzed in CF language. The author intends to investigate these and other issues in the near future.
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I. APPENDIX A
In order to use the equal-time correlator to extract the effective CF anisotropy α CF 0 , we need to be sure that the correlator is independent of the nominal value of α CF . Fig. 5 shows the α CF -independence of the unscaled correlators for ν = A different way to extract the optimal CF anisotropy is to ask at what α CF the ground state is closest to the corresponding Jain state of p filled CFLLs [4] . Our state is in an enlarged Hilbert space, so the best we can do is to compare the combined occupation of the lowest p CFLLs to p. Figs. 6 and 7 show the normalized occupation in the LLL.
Comparing to Fig. 3 , for each fraction, the value of α CF at which the normalized occupation is maximum is almost identical to the α 
In Fig. 8 we show the unscaled and scaled correlators in our approach for 
